
EXERCISES FOR INTRODUCTION TO MATHEMATICAL QUANTUM ERROR
CORRECTION

DHEERAN E. WIGGINS

1. Monday

Exercise 1.1 (Complex Arithmetic). Simplify the following expressions in C:
(i) i3 C i2 C i C 1

(ii) .�3C 2i/.6 � 8i/
(iii) .9i/.�i/

Exercise 1.2 (Pauli Matrix Multiplication). Let I;X; Y;Z 2M2.C/ be defined by

I ´

�
1 0

0 1

�
; X ´

�
0 1

1 0

�
; Y ´

�
0 �i

i 0

�
; Z´

�
1 0

0 �1

�
:

(i) Compute the matrix products I 2, IX , IY , and IZ. What can you guess is true about
multiplying matrices in M2.C/ by I , in general?

(ii) Compute the matrix products XY and YX . Simplify both products into the form cZ, where
c 2 C. Is c different in each case?

The matrix I is called the identity. The other three matrices X; Y;Z are called the Pauli matrices.
Together, these generate the Pauli group, a multiplicative group of order 16.

Exercise 1.3 (Recalling Definitions).
(i) Let A;B be sets. What is an injective function f W A � B? What is a surjective function

f W A � B? What do we call a function f W A ��! B which is both injective and surjective?
(ii) Write the definition of a group .G; �/. What is the general difference between just a set and a

group?1

(iii) What is the difference between a group and an abelian group?
(iv) Let S � G be a subset of a group. Write the definition of the normalizer NG.S/ and centralizer

CG.S/ of S in G.

Date: January 17, 2025.
1You can be informal about this.

1
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2. Tuesday

Exercise 2.1 (Conjugates and Adjoints). Compute the following, where�denotes the complex conjugate
.aC bi/� D a � bi in C and � denotes the adjoint in Cn:0B@a1

:::

an

1CA
�

D
�
a�1 � � � a�n

�
:

(i) i.i�/
(ii) .7C i/� C .1C 3i/C .1 � 4i/�

(iii) 0BB@
i

1C i

0

2C 2i

1CCA
�

Exercise 2.2 (Basics of C2). As mentioned in lecture, C2 is an example of a vector space over C.
Notably, the elements of C2 are ordered pairs .´; w/where ´;w are complex numbers. The functions
(linear transformations) in this case are realizable as 2 � 2 complex matrices M2.C/.

(i) What is the dimension of C2? In turn, what is the size of a basis for C2?2

(ii) Write down a basis ˇ for C2. That is, find a subset of C2 such that spanˇ gives you every
possible ordered pair/vector .´; w/ 2 C2.

(iii) Generalize your answers from (i) and (ii) to Cn: determine its dimension and find a basis.
These solutions should be analogous (look very similar) to your answers for C2.

Exercise 2.3 (Recalling Definitions).
(i) Write down the definition of a vector space from lecture. How does a vector space differ from

an inner product space?
(ii) What is a Hilbert space in finite dimensions?

(iii) How do we define the direct sum/coproduct
L

Wi of an indexed family of vector spaces fWigi2I ?
How is this different from a vector space product? Do the definitions differ when I D f1; : : : ; ng?

Exercise 2.4 (Challenge Problems). These problems are more abstract and require quite a bit more
thinking (and probably, more background) than I expect from just two days of watching lecture. Still,
if you are interested, here are two relevant challenge problems. [These questions were adapted from
Chris Dodd at Illinois.]

(i) Let V be a vector space of dimension n. A flag F of length r in V is a collection of subspaces
f0g D V0 � V1 � � � � � Vr D V , where Vi ¤ ViC1 for all i . Show that r � n. If r D n, we call
the flag F complete. Show that F is complete if and only if dim.Vi=ViC1/ D 1 for all i .3

(ii) Let T W V ! W and S W W ! U be linear maps of vector spaces. Let T � and S� denote the
dual maps T � W W� ! V� and S� W U� ! W�, defined in the natural way ' 7! ' ı T or S .
Show that .S ı T /� D T � ı S�. Use this to show that if A;B are matrices so that AB exists,
then .AB/t D B tAt .

2Remember, this is the same as asking for the number of “copies” of C in C2.
3Here, Vi =ViC1 is the quotient space. That is, the elements of the underlying group are additive cosets v C ViC1, where

v 2 Vi , and the operations work via .vCViC1/C .k CViC1/ D .vC k/CViC1 and c.vCViC1/ D cvCViC1, for a
scalar c 2 C.
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3. Wednesday

Exercise 3.1 (Poster). If I assigned you a topic/result today, get it done during our work time today,
or tonight, and send me the email at dwiggins@imsa.edu.

Exercise 3.2 (Computing Dimensions). Recall that dim.Cn˚Cm/ D nCm and dim.Cn˝Cm/ D n �m,
where ˚ is the direct sum of Hilbert spaces and ˝ is the tensor product, as described during lecture
today. Compute the following dimensions, leaving your answers un-simplified (i.e., I want to see the
products of the numbers, not a final simplified dimension).4

(i) .C2 ˝C4/˚C6

(ii) .H A ˝H B/˚K , where H A ' C4, H B ' C7, and K ' C32

(iii) .H A˝H B/˚ .H C ˝H D/˚ .H E ˝H F /, where H A ' C, H B ' C2, H C ' C3, H D ' C4,
H E ' C5, and H F ' C6.

Exercise 3.3 (Recalling Defintions).
(i) What is a superoperator?

(ii) What is a quantum channel? Why are quantum channels the functions we care about, physically?
(iii) State the Kraus Representation Theorem, also known as the Operator-Sum Representation

Theorem.
(iv) What is a correctable error?

Exercise 3.4 (Challenge Problems). These problems are more abstract and require quite a bit more
thinking (and probably, more background) than I expect from just three days of watching lecture.
Still, if you are interested, here are two relevant challenge problems. [These questions were adapted
from Eric Chitambar at Illinois.]

(i) Define the three-dimensional “dephasing” quantum channel � to be the superoperator

B.C3/
�

������! B.C3/0@ a b c

b� d e

c� e� f

1A 7������! 0@a 0 0

0 d 0

0 0 f

1A :
Determine the Choi matrix J� for the superoperator �.

(ii) Remember, we sayˆ W B.Cd /! B.Cd / is a unital superoperator ifˆ W Id 7! Id . Prove that the
following are equivalent (i.e., prove the “if and only if” relationship between the statements).

(i) ˆ is unital.
(ii) trA.Jˆ/ D I

B

This was one of our four results relating superoperators to their Choi matrices.

4You may use that dimension is an “isomorphism invariant.” That is, if the dimensions of Cn is n, then the dimension of
H ' Cn is also n.



EXERCISES FOR INTRODUCTION TO MATHEMATICAL QUANTUM ERROR CORRECTION 4

4. Thursday

Exercise 4.1 (Poster). If I assigned you a topic/result today, get it done during our work time today
and send me the email at dwiggins@imsa.edu.
Exercise 4.2 (Computing Commutation Relations). During lecture, I listed the standard Pauli matrix
commutation relations on the board. On Monday, you were asked to solve for one of them. Now,
solve for the rest. That is, compute the following:5

(i) YZ and ZY .
(ii) ZX and XZ.

You may choose whether or not to include i as a factor in your answers, though you should make
clear the sign/parity of each product.
Exercise 4.3 (Recalling Definitions).

(i) Define the n-qubit Pauli group.
(ii) State the main theorem of the stabilizer formalism of quantum error correction.

(iii) We defined the notion of an isomorphism for sets, groups, and vector spaces to be a
function/homomorphism/linear transformation which admits an inverse. If you are given
two general “mathematical objects” of some sort, say� and„, plus a function between them
f W � ! „ which preserves the so-called “structure” of the objects, how would you define
an isomorphism f W � ��! „ so that we could say the objects are isomorphic� ' „?

Exercise 4.4 (Challenge Problem). Today I showed the three qubit bit-flip code:

Encoding Decoding

j iS

bit-flip E

j iS

j0ianc
jbianc

j0ianc

Come up with an analogous three qubit “phase-flip” code which corrects errors E of the formZ˝I˝I ,
I ˝Z ˝ I , and so forth:

j iS

phase-flip E

j iS

j0ianc

j0ianc

Unlike with the bit-flip code, you do not need to output a jbianc message for determining the error
syndrome, you just need to recover j iS . You will need the Hadamard gateH , which is defined in the
form of a 2 � 2matrix as6

H ´
1
p
2

�
1 1

1 �1

�
5For your own reference, the Pauli matrices X; Y; Z are defined in the section for Monday.
6Hint: One way to do this would be with four CNOTs, six Hadamards, and one “Toffoli” (a CNOT with two controls).



EXERCISES FOR INTRODUCTION TO MATHEMATICAL QUANTUM ERROR CORRECTION 5

5. Friday

If you learned anything at all in the last week, simple or complex, congratulations. Furthermore, if
you gained a curiosity for quantum information or abstract mathematics, consider that an even bigger
win. Intersession is not a time to become an expert on advanced topics, but rather a chance to ease
into your coursework for the spring semester. I hope you found the minicourse neat! Feel free to
email me at any time about quantum or mathematical things.

Exercise 5.1 (Poster). Enjoy the Intersession Expo–it is a nice chance to see what your classmates have
been doing for the last week.

Exercise 5.2 (Recalling Definitions).
(i) How did we characterize C*-algebras, up to isomorphism?

(ii) What is the interaction algebra of a channel E?
(iii) What is the noise commutant of a channel E?
(iv) State Poulin’s stabilizer formalism theorem for operator quantum error correction.

Exercise 5.3 (Challenge Problems).
(i) Via hand-waving, I described a process of quotienting B.C/ by an equivalence relation (� � �0

if and only if there exists g 2 G such that � D g�0g�) to define the gauge group G . Formalize
this definition. That is, explicitly construct G using �. If it helps for intuition, remember we
derived the generating set

G ' hi; Z1; : : : ; Zs; XsC1; ZsC1; : : : ; XsCr ; ZsCri :

(ii) Why does the channel E W I 7! I being unital mean that the noise commutant A0 ' Fix.E/ �
B.H /E , the fixed set of the noise?7

(?) Read Stabilizer Formalism for Operator Quantum Error Correction by David Poulin on the arxiv.8

University of Illinois Urbana-Champaign, Illinois, 61801
Email address: dheeran2@illinois.edu

7Answer heuristically. A rigorous derivation of this result can be found as Theorem 2.1 in a paper by Kribs: arxiv.
8Reading papers will always be hard. My hope is that the intersession has made this task ever-so-slightly easier.

https://arxiv.org/pdf/quant-ph/0508131
https://arxiv.org/pdf/math/0309390
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